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Functions NEERNN \

and Volume

You will learn about functions for the first time.
You will analyze representations of functions, and
examine functions in the context of the volume of
cylinders, cones, and spheres.

Essential Questions
What makes a relationship a function?

How are functions useful in representing
situations?

What are some relationships between
a cylinder, a cone, and a sphere with
common dimensions?




Summary Lesson 1

You can use a graph to represent a situation. Analyzing o 12 A
a point on a graph or pieces of a graph can help you "f
interpret part of the situation. %
. . = 8
For example, this graph represents a turtle’s journey = /
across sand. A turtle walks for 2 seconds until it is 2 /
8 feet from the water. It stops for 9 seconds and then g 4
continues walking away from the water. § /
7
The point (6, 8) represents the turtle’s distance of S 0 4 3 12’
8 feet from the water after 6 seconds. Time (sec)
ime (sec
Try This
Here is the graph of a turtle’s journey away from ~ A ,
the ocean. €10 /
a  What story does this graph tell about the turtle’s % AT
journey? = /
E
o /N
ic 3 7 TN/
8 /
c
©
o /
a v >
0 10 20 30 40 50
Time (sec)

b  What is the turtle’'s distance from the water at
40 seconds?

¢ Whenisthe turtle’s distance from the water 3 feet?



Summary | Lesson 2

A function is a rule that assigns exactly one output for each possible input. Another way to
say this is that the output is a function of the input.

Function Not a function

15 7 10 6

10 7 10 7
20 8 20 8
5 9 5 9

Notice in this table, the input 10
appears twice with two different
outputs.

In this function table, each input
appears with exactly one output.
Evenif aninput is repeated in the
table, the input should give the
same output as previously seen
within the table.

Try This

Decide if each rule represents a function or not. Explain your thinking.

Rule A | Rule B
Possible Inputs: Any person Possible Inputs: Any month
Outputs: The month that person was Outputs: A person born in that month

bornin

a Does Rule A represent a function?
Explain your thinking.

b Does Rule B represent a function?
Explain your thinking.




Summary | Lesson 3

A graph represents a function when each z-value, or input, only has one corresponding
y-value, or output. If a graph has multiple y-values for the same x-value, it does not
represent a function.

Here are two graphs of the same turtle’s journey.

A A
= 12 w 12
< e
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4 3
= 8 a8
[}
5 £
L; 4 = 4
Q
c
©
k]
(&) > >
0 4 8 12 0 4 8 12
Time (seconds) Distance From Water (ft)
This graph represents a This graph does not represent
function because for every a function because at both
second, z, the turtle is at only 2 feet and 11 feet, the turtle has
one corresponding distance, y. multiple corresponding times.
Try This

Arianna is running once around the track. The graphs show the relationship between her
time and her distance from the starting line.

Graph A Graph B
PR A
o 72 EE 200 A
a2 o 175
£ 00 8'05, 150
£ N =
= 48 S /
> s / \
36 o 5 100 /
y » 75
24 » /
7 50
12 » /
Ve > >
0 ,\03xQQ0§3¢_9 (\% "90 0 12 24 36 48 60 72

Time (sec)
Distance From Starting Line (m)

Which graph represents a function? Explain your thinking.



Summary | Lesson4

In a situation represented by a function, the input is often called the independent variable
and the output is called the dependent variable. The independent variable and dependent
variable can change depending on the problem you are trying to solve.

The independent variable is an input. The dependent variable, or output, depends on
the input.

For example, in this situation, m represents the total number of miles walked and d

represents the number of days of walking for someone who walks 2 miles a day.

Independent and
Dependent Variable

Equation Explanation

Question

The number of miles

How many miles walked depends on

. Independent: Days, d
have |walked, m, | L ocpendenttays.a m = 2d

after d days? . Dependent: Miles, m . the number of days
' : 5 of walking.
How many days, d, _ The number of days
. ¢ Independent: Miles, m m :
will it take meto : d=— : depends on the
) ¢ Dependent: Days, d : 2 : _
walk m miles? : : i number of miles.

Try This

In each situation, complete the table with possible independent and dependent variables.

Question or Equation Independent Variable Dependent Variable

How many sandwiches can
| make?

Number of bread slices Number of sandwiches

How much does my ice
cream cost if | get different Cost of my ice cream cone
amounts of toppings?

How does sleep affect
performance on tests?

y=3x+5



Summary | Lesson5

A graph can be helpful when comparing multiple functions in a situation, such as by
comparing the initial value, slope, and points of intersection.

For example, this graph represents a race between

. . = 2000
a hare, a tortoise, and a fox. From 0 to 5 minutes, E f ,,’
the hare is moving at a steady pace of 200 meters 5 E
per minute and is in first place. At 9 minutes, the e #;’7 +T
race is tied. The fox does not begin the race until *g 1000 loiteise
three minutes have passed, but it speeds up at a mihiar a8
7 minutes to a pace of 450 meters per minute. - /A Fox
The fox wins the race at about 11 minutes. f V

>
0 2 4 6 8 10 12 14
Time (min), =

Try This
This graph shows the temperature between - A
noon and midnight on Friday. < gz /"\\
[J)
a Tell astory about the temperature on :::: 57 A/ ‘\
. « / \
this day. 5 56 N\
a \
£ 55 / N\
F 54 7 \
53
52
w0 |
%

I I I I I I I I ’

I I 1
b Was it warmer at 3 PM or 9 PM? 0 123 4 567891011
Explain your thinking. Time (hours after noon)



Summary Lesson 6

We can use graphs to represent a story. When drawing a graph, it can be helpful to identify
the variables involved so that you can label the axes. Depending on the independent and
dependent variables, different graphs can represent distinct details of the same story. It

may also be helpful to identify key points in the story according to these chosen variables
to help you sketch these features.

The function is:

=~
< £
* Increasing when part of the graph is going up from -%" ;
left to right. TS
o w9
+ Decreasing when part of the graph is going down ‘T 5
from left to right. = o
» Linear when part of the graph is a straight line. 3
(Note: A vertical line is not a function.) <
* Non-linear when part of the graph is not a straight
line.
Time (sec)
Try This
Using some of the terms below, write a story that YA
can be modeled by the graph. 30
24
Word Bank /
linear non-linear 18 /
increasing decreasing 12
6 #
>




Summary | Lesson7

Linear relationships that have exactly one output for every possible input are called
linear functions. All linear functions can be represented with a graph, a table, and an
equation in the form y = mx + b, where m is the rate of change and b is the initial value.

Graph Table Equation
16 : ; ;
14 /15 @

/ 1( i )5
- T .1 12
10/ :

/ : g

84(0,—7) o 2 .............. 17
6
4
2
0 1 2 3 4

The slope, or rate of change, is a ratio between the difference of the y-values and the difference
of the z-values. In a graph, you can use slope triangles to find the rate of change. In the equation
y = max + b, itis the coefficient of the independent variable. In this example, the slope is % =5.

The initial value, or y-intercept, is the dependent value when the independent value is 0. In the
equationy = mx + b, the y-intercept is the constant, . In this example, the y-intercept is 7.

Try This

Shanice and Abdul both open bank accounts on the same day.

Shanice’s Account Abdul’s Account
S =9w + 60 models the amount of money in ! ' !
Shanice's bank account, where S is the amount 0 Vgﬁ?nksfézgﬁnt Ail:::::(lg)
of money and w is the number of weeks since the , P g | ,
account opened. 0 65
a  Who starts with more money in their account?
Explain your thinking. 2 75
4 85
6 95

b  Whois saving money at a faster rate? : ~
Explain your thinking. 8 105



Summary Lesson 8

Sometimes a situation can be modeled by a linear function. Even if a function is
non-linear, parts of its data can be modeled by a linear function, which can be used to
help make predictions.

For example, you can use a linear function A

to model a section of this data on global ’g‘ 5

measles cases from 1980 to 1990. 2 . B
£ anan

You can use this model to estimate that Té 3

there would have been approximately ®

2.5 million cases of measles in 1985. z 2
s 17
F HHIEEEELE G
Cou; 0 w 1980 1990 2000 2010

Year

Source: Our World in Data

1 -
Try This

a Select all situations that could be modeled by a linear function.

O A. Daejatakes large handfuls of popcorn out of her lunch bag every 5 minutes, and then
she starts taking smaller handfuls.

O B. Aplantgrows the same amount every week.

O C. Theday started very warm, slowly got colder in the afternoon, and then the
temperature dropped suddenly when the sun set.

O D. Atabletcharges at arate of 5% per minute until it reaches 80%, and then it charges at
a slower rate.

O E. Marcoisfilling up a water bottle at the fountain.

b  What are some limitations of using a linear function to model one of the situations
you selected?



Summary | Lesson9

You can use one or more linear segments to ~ 1000 A
a . . 0 .
represent a data set. Using multiple linear o
segments can help you precisely represent a § T = h
data set. 2
= 1
I ) \
For example, you can use multiple linear $ 600 - &ﬂl 390,620)
N (2]
segments to model this data about cases of the & 1
Guinea Worm disease over time. E 400 A yie R
g ¥ * (‘1‘993724’()J NN
You can use this model to estimate that s w i
between 1990 and 1993, cases of Guinea 2 Sy 3 L]
Worm disease were changing at a rate of & i | i
approximately % cases per year, or dropping S 0 'W'Q < < Q’
- o oy o N >
by about 133.33 million cases per year. o N NS N ®

Source: Our World in Data

Try This
i A
Here _|s a graph that models exam scores ® 100 Lihe 4
and time spent studying. S .
N 4
a Use at least three line segments to draw £ 80 .!P
a function on the graph that models the 8 °
data set. - 60
ae
40
[
20
BL
b A student spent 85 minutes studying.

. . >
Predict their exam score. 0 20 40 60 80 100 120 140
Time Spent Studying (min)



Summary | Lesson 10

The volume of an object is the number of cubic units that fill its three-dimensional region
without any gaps or overlaps.

You can often determine relationships between the volumes of different figures with
similar measurements. For example, if the base of a cone and a cylinder have the same

diameter and height, then the cylinder will have a volume that is three times greater than
the cone.

There are also relationships between the volumes of the same figure with different
measurements. For example, if the diameter of a sphere is doubled, or if the side length
of a cube is doubled, the original volume of these figures will be multiplied by 8.

84 vV @ e

Try This

Anice cream cone and a can of soup have the same -—>
diameter.

Describe the relationship between the volume of these two items. Explain your thinking.



Summary | Lessonll

A prism has two congruent bases connected by perpendicular lines. Its volume can be
determined by multiplying the area of its base by its height. A cylinder has two congruent
circles for its base and the sides are perpendicular to the bases. This means you can also
determine the volume of a cylinder by using the area of its base multiplied by its height.

If you know the radius and height of a cylinder, then you can -
determine the volume of the cylinder. The base area is determined
using the expression e« 2. The volume, in cubic units, can be
determined by multiplying the base area by the height, h. The
formula for the volume of a cylinder is V = wr? ¢ h.

=r—
V=mr’eh

Try This

Here is a cylinder.

a Find the area of the base of the cylinder.

6cCcm

b Find the volume of the cylinder. I 5cm i



Summary Lesson 12

The volume of a cylinder depends on ( Height and Volume )
the cylinder’s radius and helgh.t. The. £ asom [‘Cy‘"n&er‘sw‘ith‘]
formula for the volume of a cylinder is 3 :gg" {_5cm Radius )
V = mr2h, where r represents the radius | € soor
and h represents the height. 3 o V=257
1507
When a cylinder’s height, h, increases 1gg:
at a constant rate, the cylinder’s >
. 0 1 2345678910
volume, V, also increases at a constant Height (cm)
rate. This means there is a proportional Radius and Volume )
linear relationship between the helght.and Yolume. 2 o0 [‘cy‘nnéer‘sw}th‘] ;
That's why we can represent the relationship between 3 ggg“ \_10cm Height )
volume and height with a straight line. E 6o0m | e
; 5007 V =]107r2,
On the other hand, we cannot represent the relationship 332: //
between a cylinder’s radius and volume with a line o ,/
because the ratio of the volume to the radius changes o 2/3 —
as the radius increases. That's why the graph of the Radius (cm)
relationship between radius and volume is curved and ) ’
non-linear.
Try This
Here is a flower vase that is shaped like a cylinder. — >
a |If you triple the height of the water, will you triple the volume of
the water inside the container? Explain your thinking.
- AT
1.5
— ™ J'
b . : . :
If you triple the radius of the flower vase, will you triple the | S

volume inside the container? Explain your thinking.



Summary Lesson 13

We learned that we can find the volume of a cylinder by calculating V- = wr? « h. If a cone
and a cylinder have the same base and the same height, then the volume of the cone is
one-third the volume of the cylinder.

If the radius and the height are known, we can determine the volume by using this formula
foracone: V= %mz . h.

Volume of a cylinder: Volume of a cone:
V =xr2h V= %m?—h

Try This
Here is a cylinder. — T
Find the volume of a cone with the same dimensions as the cylinder.
Draw the cone if it helps with your thinking. 7
]
4




Summary Lesson 14

The volume of a cylinder and a cone depend on their radius and height. In both cases,
if you know the radius and the height, you can determine the volume using the formula
V = mr2h (for cylinders) and V = %’Tr?“zh (for cones).

And if you happen to know the volume and either the radius or the height, you can
determine the other dimensions, too.

For example, if a cylinder has a height of 5 inches and a

volume of 407, you can calculate the area of the base

T =40
by dividing the volume by the height: % = 8. v T

—o—

40r=B-5

8t =8B

Try This

Find the missing dimensions of each object (rounded to the nearest tenth). Use 3.14 as an
approximation for «. Draw the figures if it helps with your thinking.

a Acylinder has aradius of 4 centimeters and a volume of 807 cubic centimeters.
What is the height of the cylinder?

b A cylinder with a volume of 405 cubic inches has a diameter of 10 inches.
What is the height of the cylinder?

¢ A cone with avolume of 1357 cubic inches has a height of 5 inches.
What is the radius of the cone?



Summary Lesson 15

You can determine the volume of a sphere using the formula V- = %m«“’. If the radius and
height of a cone, hemisphere, and cylinder are all the same, you can make sense of the
volume formulas for each solid by seeing how much of the others they fill.

—r— —r— —r—
T _ T
P _ I
Volume of cone Volume of hemisphere Volume of cylinder
(%Vof cylinder) (%Vof cylinder)
V =i rh V =2r.rh V =m-rh

The volume of the cone is % of the volume of the cylinder. Since the volume of the cone and
hemisphere together is equal to the cylinder, the volume of the hemisphere must be

1— % = % of the volume of the cylinder. Then the volume of a sphere is twice the volume of
a hemisphere, or % the volume of the cylinder.

Try This

A cylinder, a cone, and a sphere all have the same radius of 6 inches. The cylinder and the
cone have a height of 5 inches. Calculate the volume of each in terms of .

a Whatis the volume of the cone?

b  Whatis the volume of the cylinder?

¢ Whatis the volume of the sphere?



Try This | Answer Key

Lesson1

a Responses vary. The turtle started at the edge of the ocean and traveled
away from the water for 20 seconds. At 20 seconds, the turtle was 6 feet
from the water. The turtle walked 3 feet back toward the ocean between
20 and 30 seconds. After 30 seconds, the turtle started crawling away
from the ocean again.

b At 40 seconds, the turtle is 6 feet away from the water.

¢ The turtle is 3 feet away from the water at 10 seconds and at 30 seconds.

Lesson 2

a Yes. Explanations vary. Rule A is a function because each person only
has one birth month. So each input has only one possible output.

b No. Explanations vary. Rule B is not a function because many people are
born in the same month. So each input has many possible outputs.

Lesson 3

Graph B. Explanations vary. Graph B represents a function because every
time corresponds to only one distance. Graph A doesn’t represent a function
because there are some distances that correspond with more than one time.
For example, Arianna is 0 meters from the starting line at 0 seconds and at
approximately 75 seconds.

Lesson 4

Question or Equation Independent Variable Dependent Variable

How many sandwiches can

| make? Number of bread slices Number of sandwiches

How much does my ice
cream cost if | get different Amount of toppings Cost of my ice cream cone

amounts of toppings?

How does sleep affect

T B —— Amount of sleep Test performance

y=3x+5 x Yy



Try This | Answer Key

Lesson 5

a Responses vary. At noon, the temperature is around 50°F and gets warmer.
The temperature climbs up to around 59°F. Between 5:30 PM and 6 PM, the
temperature starts to decrease. At midnight, the temperature is around 52.5°F.

b At 9 PM, the temperature is around 55.5°F. That’s warmer than the temperature
at 3 PM, which is around 54.5°F.

Lesson 6

Responses vary. | fill up a tub with 24 gallons of water in 6 minutes. This can be
represented by an increasing linear model. | bathed my dog in the tub for 12 minutes.
| unplug the tub, and it takes 12 minutes to drain. This can be represented by a

decreasing linear model.

Lesson 7

a Abdul starts with more money in his bank account. According to the table,
Abdul’s account has $65 at week 0. According to the equation, Shanice’s account
has $60 at week 0.

b Shanice is saving money at a faster rate. According to the equation, Shanice’s
account increases by $9 every week. According to the table, Abdul’s account
increases by $10 every two weeks, or $5 every week.

Lesson 8
a B. A plant grows the same amount every week.
E. Marco is filling up a water bottle at the fountain.

b Responses vary.
B: A plant’s height may not grow at exactly the same rate for its entire life.

E: The water fountain may stutter or fill at a slower rate when it is first started.



Try This | Answer Key

Lesson 9
a [0] 4 [ |
2 100 pEmmr o o
@ ENNEEEEEEEEEEY, JENE NN AN
E 80 o
x
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60
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20 |

>
0 20 40 60 80 100 120 140
Time Spent Studying (min)

b Approximately 92

Lesson 10

Responses vary.
* The volume of the can is 3 times the volume of the cone.

* The volume of the cone is 13 the volume of the can.

» The can of soup is a cylinder and the ice cream cone is a cone. The relationship
between the volume of a cylinder is 3 times the volume of a cone with the same
diameter.

Lesson 11
a 9wcm?

Caregiver Note: The base of the cylinder is a circle. The area of the circle is & « r2.
This circle has a diameter of 6, so the radius is 3. 7 « 32 = 9.

b 45w cm3.

Caregiver Note: The volume of the cylinder is the area of the base multiplied by the
height. The area of the base is 97 cm?. The height is 5cm. 9& cm? « 5 = 45% cm?.

Lesson 12

a Yes. Explanations vary. The relationship between the height and the volume of a
cylinder is linear, so if you multiply the height by a scale factor, the volume will
change by the same factor.

b, No. Explanations vary. The relationship between the radius and the volume of a
cylinder is not linear, so if you multiply the radius by a scale factor, the volume
will not change by the same scale factor.



Try This | Answer Key

Lesson 13

21« cubic units.

Caregiver Note: The volume of the cone is V = %‘n «r%e h. The radius is 3 and the height

is7,s0V = %1\' e 327 = 217w cubic units.

Lesson 14
a 5 centimeters
b Approximately 5.2 inches

¢ 9inches

Lesson 15
a 60« cubic inches
b 180= cubic inches

¢ 288~ cubic inches
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